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Abstract. Compact fitting formulas for Kerr quasinormal-mode (QNM) frequencies are a basic
ingredient of ringdown modelling. The standard ones cover only the fundamental mode and the first
one or two overtones, and they lose accuracy as the spin approaches extremality. We present a single
closed-form expression for the prograde  gravitational modes. The damping rate is written as

 times the Lyapunov exponent of the prograde equatorial light ring, and the oscillation
frequency as  times a correction factor. Each base is multiplied by one rational correction in

, whose coefficients are low-order polynomials in the overtone index  and in 
. With 72 numbers in total, the formula reproduces Leaver continued-fraction frequencies for

– , overtones –  and . The maximum relative error is  on
 and  on , measured on a spin grid disjoint from the calibration grid. It also predicts

modes never used in the fit, with errors of  at  and below  up to
. A dedicated 40-number variant covers the dominant  mode ( – ) with errors

of . Every comparison was preregistered and run once. In all of them the formulas are
more accurate than the Berti–Cardoso–Will and two-term London–Fauchon-Jones fits calibrated
separately on each mode and overtone.

1. Introduction

The ringdown of a perturbed Kerr black hole is a superposition of quasinormal modes (QNMs) with
complex frequencies  that depend only on the mass and the dimensionless spin 
 [1]. Since Ref. [2] argued that overtones are needed to describe the signal close to its peak, overtone
frequencies at high spin have become routinely needed in data analysis and waveform modelling.

Exact frequencies are computed by Leaver's continued-fraction method  [3], for which robust public
implementations exist [4]. Closed-form fits remain useful for quick evaluation, for analytic work and
for embedding in other models. The most widely used fits are those of Berti, Cardoso and Will
(BCW)  [5], which cover  for , and the more accurate representation of London and
Fauchon-Jones  [6], which builds the extremal limit  into a per-mode expansion. Both are
calibrated mode by mode and overtone by overtone.

Near extremality the problem becomes harder. Prograde modes approach the accumulation point

, and the damping rates of the zero-damping branch scale like  with .
This has been described analytically  [7, 8, 9] and checked numerically with high-accuracy, near-
extremal expansions  [10]. Resummed WKB methods have recently been shown to break down for
modes approaching that branch [11].

In this paper we fill the gap between the per-mode global fits, which stop at low overtones and
moderate spins, and the local near-extremal expansions. We give a single formula valid for all spins up
to , for overtones up to , and across  modes, including modes never used to
calibrate it.



2. Data

We use the qnm package (v0.4.4) [4], which combines Leaver's radial continued fraction with a spectral
solution of the angular equation.

Mode tracking. The package's cached spin sequences can jump from one overtone to another above
. We therefore re-track every  sequence continuously from  to ,

with spin steps  and continued-fraction tolerance . We check that the overtones stay
distinct and that the curves have no jumps.

Accuracy audit. At 12 spins per sequence (7 for ), up to , each point was refined with
a stricter solver: root tolerance , continued-fraction tolerance , up to 8000 terms, and an
angular basis up to . The largest relative difference from the data used here is  for

 and  for – . For the additional modes –  used only as extrapolation
tests, it is . All of these are far below the errors discussed below.

Grids. The calibration grid is  ( ) together with  for

. The validation grid is shifted by half a step in both parts:  and
. The two grids share no points, and half of each is concentrated near extremality.

Exclusions. The  overtone is anomalous [10] and is excluded. For this reason version B starts at
, and  is treated by the dedicated version C. Modes with  are not considered (Sec. 6).

3. The formula

Let  be the radius of the prograde equatorial circular photon orbit,
with impact parameter . Let  be its Lyapunov exponent in coordinate time.
Explicitly,

(1)

where  and ,

with . In the eikonal limit  [12, 13]. With  and 
we write

(2)

where each coefficient  is

(3)

Version A uses , giving  numbers, and is calibrated on –  with – .

Version B uses , giving  numbers, and is calibrated on –  with – .

Version C is for  only. It replaces the rational factor by a second-order one,

(4)



with cubic polynomials in  and no  dependence, giving  numbers.

Why these bases. The factor  fixes the extremal limit of  for every overtone. For all modes,

overtones and spins in the calibration set,  stays within  of the exact damping. The

horizon-temperature base  deviates by up to , and  was a worse base for 

than . Since  as  like the surface gravity, Eq. (2) also has the  structure of the
zero-damping modes  [7, 8, 10]. The rational correction in  was chosen during exploration as the
simplest form that reached sub-percent accuracy over the full spin range.

The coefficients were fitted by Levenberg–Marquardt least squares on the relative errors of  and
 separately. They are listed in Appendix A, and a Python implementation is provided as an ancillary

file.

4. Protocol

The forms above were chosen in an exploration phase that used only the calibration grid. That phase
fixed the bases, the rational form, the polynomial degrees and the  dependence. Each version was
then tested in a separate confirmation. Before the confirmation was run, its code, data, SHA-256
manifest and pass/fail rules were frozen in an annotated git tag. The confirmation was run once, and
its results were tagged as well.

Competitors. The competitors were calibrated per mode and per overtone, on the same calibration
grid and with the same least-squares routine:

BCW [5]:  for  and  for , i.e. 6 numbers
per overtone.

The London–Fauchon-Jones representation  [6],  with

 and complex , with  (4 numbers per overtone) and with the
original  (10 numbers per overtone). The latter was reported without pass/fail rules.

Pass/fail criterion. Formula X “beats” formula Y on a mode if the worst relative error over all overtones
on the validation grid is smaller for X on both  and .

5. Results

All preregistered rules were met. Tables 1–3 report the worst relative errors.



Table 1. Version A (54 numbers, – , calibrated on – ). Maximum relative error  (%) over
–  on the validation grid. Competitors are calibrated on each mode (numbers per mode in parentheses).

this work BCW (30) London  (20) London  (50)

2 2.24/1.68 5.23/12.87 2.98/16.17 1.38/1.22

3 0.29/0.19 2.90/8.72 2.05/15.42 0.04/0.10

4 0.38/0.15 2.67/6.69 1.85/14.68 0.01/0.12

5 0.12/0.09 2.58/5.62 1.73/14.20 0.01/0.13

6 0.51/0.14 2.54/5.00 1.65/13.88 0.01/0.13

7 1.13/0.29 2.53/4.61 1.60/13.66 0.01/0.13

Not used in the calibration of the single formula.

Table 2. Version B (72 numbers, – , calibrated on – ). Same conventions as Table 1, over –
.

this work BCW (48) London  (32) London  (80)

3 0.61/0.32 2.92/11.87 2.05/15.43 0.09/0.10

4 0.24/0.12 2.67/9.69 1.85/14.72 0.02/0.12

5 0.18/0.07 2.58/8.15 1.73/14.27 0.02/0.13

6 0.13/0.05 2.54/7.04 1.65/13.97 0.02/0.13

7 0.18/0.07 2.53/6.26 1.60/13.74 0.01/0.13

8 0.37/0.16

9 0.60/0.28

10 0.87/0.40

12 1.48/0.66

Not used in calibration (preregistered test). Generated after the confirmation was tagged; extrapolation test outside
the protocol.

Table 3. Version C ( , 40 numbers, – ). Maximum relative error (%) on the validation grid.

formula numbers

this work 40 1.20/1.03

BCW 30 5.23/12.87

London 20 2.98/16.17

London 50 1.38/1.22



Figure 1. Relative error of version B against  for , a mode never used in the calibration, for
overtones –  on the validation grid. Left: ; right: .

Comparison with the competitors. The single formula is calibrated once across modes. It still beats
BCW and two-term London, both calibrated per mode, on every mode, including modes it never saw.
For , version B is also more accurate on  than the five-term London fit, which uses 80 numbers
per mode. On  the five-term fit remains 5–15 times more accurate.

Overtones and spin. The worst errors occur at the highest overtones. Figure 1 shows that the error for
the unseen  mode stays below  at all spins and overtones. For , version C beats even
the five-term London fit, with fewer numbers; its error is below  for  and is dominated by

.

Extrapolation in . Away from the calibration range, the accuracy of version B degrades smoothly, from
 at  to  at .

A negative result. During exploration we tried giving version B the richer second-order correction of
Eq.  (5). It improved the fit on calibration modes ( ) but degraded the prediction of an
unseen mode, from  to . We therefore keep first order for the cross-mode
formula.

6. Limitations

Only prograde  modes are covered. For , damped and zero-damping branches
coexist near extremality and overtones can cross [8, 10]. Our attempts to extend the tracking to

,  and  did not yield reliable sequences.

The errors are maximum relative errors on a finite grid up to . We make no claim
beyond that spin, where the expansions of Ref. [10] are the appropriate tool.

Per-mode, many-parameter fits remain more accurate on . Interpolation of tabulated
data [4] is more accurate still, but it is not a closed form.

7. Conclusions

Two physically motivated bases, the light-ring Lyapunov exponent for the damping and the extremal
value  for the frequency, combined with one rational correction in , yield a compact
formula for Kerr  overtones. It holds over the whole spin range up to  and transfers to

 values outside its calibration set. The fitting coefficients and a reference implementation are given
below.
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A. Coefficients

Table 4. Coefficients of version A. Each coefficient  of Eq. (4) is , 
.
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Table 5. Coefficients of version B. Each coefficient  of Eq. (4) is , 
.
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Table 6. Coefficients of version C ( ). Each coefficient is ; the correction is Eq. (5).

part coefficient
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